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Abstract 

We construct the dual supergravity description of strongly coupled, large A^, eight- 
supercharge gauge theories with fundamental hypermultiplets at points on the mixed Coulomb- 
Higgs branch. With certain assumptions about unknown couplings of D-branes to supergravity, 
this construction gives the correct metric on the hypermultiplet (Higgs-branch) component the 
moduli space, which decouples from the vector multiplet (Coulomb-branch) moduli. Going be- 
yond the geodesic approximation, we find that the dynamics of a hypermultiplet VEV rolling 
towards a singularity on the Higgs component of the moduli space is sensitive to the vector 
multiplet moduli. The dual description of the approach to the singularity involves collapsing 
"instantons" of a non-Abelian Dirac-Born-Infeld theory in a curved background. In general, we 
find a decelerating approach to the singularity, although the manner of deceleration depends 
on the vector multiplet moduli. Upon introducing a potential on the Higgs branch of a four 
dimensional J\f = 2 theory coupled to gravity, this deceleration mechanism might lead to in- 
teresting inflating cosmologies analogous those studied recently by Alishahiha, Silverstein and 
Tong. 
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1 Introduction 



The holographic relation between string theory and Yang-Mills theories [1-3] known as 
AdS / CFT duality has proven a powerful tool for studying strongly coupled large N Yang- 
Mills theories. In its original form, this duality was only applicable to a certain class of 
gauge theories with matter in adjoint representations. More recently, there have been nu- 
merous studies of holographic dualities relating string theory and gauge theories with fun- 
damental representations. This work has focused largely on electrically confining "QCD- 
like" theories. Instead of considering electrically confining theories, we will construct 
backgrounds dual to points on the mixed Coulomb-Higgs branch of eight-supercharge 
Yang-Mills theories with fundamental representations, in various dimensions. This work 
is a sequel to [4] , in which the AdS dual of the Higgs branch of a four-dimensional M — 2 
theory was constructed. 

The backgrounds we will describe can be used to study the strong coupling, large N 
dynamics on the Higgs component of the moduli space. Some aspects of this dynamics are 
known exactly already, since the two derivative effective action on the Higgs component 
of the moduli space is not renormalized [5] . Realizing this non-renormalization theorem 
in the dual description provides a test of AdS/CFT duality and constrains unknown 
terms in the D-brane effective action, including non-minimal couplings to bulk fields. In 
some situations however, the two derivative effective action can not be expected to give a 
correct description of the dynamics. One such situation is time dependent motion towards 
a singularity of the moduli space. We will study this motion using the holographic dual 
description. Similar dynamics has been studied in the context of the Coulomb branch 
of = 4 super Yang-Mills theory [6] , and gives rise to interesting infiating cosmologies 
upon introduction of a potential on the Coulomb-branch and coupling to gravity [7, 8] (see 
also [9] for related work). 

In [4], the AdS description of the Higgs branch of a four-dimensional M — 2 Sp(N) 
gauge theory with four fundamental hypermultiplets and one anti-symmetric hypermul- 
tiplet was constructed. This theory is conformal at the origin of moduli space and is 
dual to string theory in the background AdS^ x /Z"^ with D7-branes wrapping the Z"^ 
fixed surface (an 07- plane) [10,11], which has the geometry AdS^ x S^. In [4], it was 
argued that the D7-brane equations of motion are solved by field strengths which are 
self dual with respect to a fiat four dimensional metric, despite the curved background 
and the infinite number of higher dimension operators in the D7-brane action, which 
includes non-minimal couplings to bulk fields. These instanton solutions correspond to 
points on the Higgs branch, in keeping with the known one-to-one map between the 
ADHM constraints [12] used to construct instantons and the F and D-flatness conditions 
which, modulo gauge transformations, determine the Higgs branch [13, 14] (see also [15] 
for a review). These instantons may be interpreted as D3-branes dissolved within the 
D7-brane [17]. Avoiding a back-reaction due to dissolved instantons requires that the 
instanton number, or number of dissolved D3-branes, is small compared to A'^. For this 
reason, the construction of [4] only apphes to a portion of the Higgs branch. 

We will generalize the construction of [4] to include parts of the mixed Coulomb- 
Higgs branch in eight supercharge theories in various dimensions. We will specifically 
consider eight supercharge theories arising from systems of A^ Dp branes coincident with 
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Nf Dp+4 branes, with p < 3. For — > oo with large 't Hooft coupHng and Nf fixed, 
these theories are dual to string theory in the near horizon geometry of the Dp-branes, 
with Nf appropriately embedded probe Dp+4 branes. 

To two derivative order, the eff^ective action on the Higgs branch is given exactly by 
the tree level result [5]. Furthermore the corresponding metric on the moduli space is 
equivalent to the metric which describes slowly varying "instantons" of super Yang-Mills 
theory in p + 5 flat dimensions [13-15]. At strong coupling, AdS/CFT duality relates 
the effective action on the Higgs branch to the dynamics of slowing varying instantons 
in the Dp+4-brane theory, rather than flat space super Yang-Mills. Nevertheless, it was 
argued in [4] that (for p=3) the result is the same at two derivative order, provided 
certain constraints on unknown terms of the non-Abelian Dirac-Born-Infeld action in a 
curved background are satisfled. In fact, the non-renormalization of the metric on the 
Higgs branch implies that these constraints must be satisfied. 

The non-renormalization of the metric on the Higgs branch follows from the local 
factorization the moduli space into a hypermultiplet and a vector- multiplet component, 
and the fact that the gauge coupling can be viewed as a component of a background 
vector multiplet [5]. We will see that the factorization of the moduh space into Coulomb 
and Higgs components is reahzed in the AdS description of the mixed Coulomb-Higgs 
branch. 

The low energy dynamics of the Higgs branch has properties which may lead to 
interesting cosmologies upon introduction of a potential and coupling to gravity. These 
properties are similar to those discussed in [7, 8] , where a mechanism for slow roll inflation 
in the presence of a steep potential was discovered in the context of a strongly coupled 
gauge large N gauge theory, specifically a deformation of A/" = 4 super Yang-Mills coupled 
to gravity. This mechanism arises from the higher derivative structure of the effective 
action on the Coulomb branch, which gives rise to an upper bound on velocity in the 
moduli space. The upper bound follows from causality in the AdS description [6], and 
implies that a certain time dependent Coulomb branch VEV rolling towards a singularity 
in the moduli space will decelerate. Upon suitably deforming the theory and coupling 
to gravity, there are cosmological solutions in which this time dependent modulus plays 
the role of the inflaton. A natural question is whether deceleration is a generic feature of 
time dependent moduli approaching a singularity in the moduli space. 

Using the dual supergravity description, we will study the dynamics of time depen- 
dent Higgs branch moduli, keeping the Coulomb branch moduli fixed. In the geodesic, 
or "moduli space," approximation obtained by truncating to the two derivative effective 
action, this dynamics is insensitive to the Coulomb branch moduli and does not exhibit 
deceleration near singularities. However, the geodesic approximation is not always reli- 
able, due to important corrections from integrating out states which become light as one 
approaches a singularity. We will find a deceleration mechanism for Higgs branch moduli 
approaching a singularity. The manner of deceleration depends on the Coulomb-branch 
moduli, and does not always follow from causality in the dual supergravity description. 

We will focus on motion towards a singularity of the Higgs branch which is dual to a 
shrinking instanton. No attempt will me made to compute the full effective action includ- 
ing higher derivatives. Instead we will consider time dependent solutions of the Dp-|-4 
equations of motion which have instanton number one and possess the usual symmetries 
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of the static one-instanton solution. Since the time dependent solutions are not self-dual, 
it is not obvious how to precisely identify the corresponding points on the Higgs branch. 

One way to do a more precise analysis would be to integrate out fluctuations transverse 
to the instanton moduli space (giving the effective action). Nevertheless, without exactly 
identifying points in the moduli space, qualitative properities of the evolution will be 
clear. The geodesic approximation, which is given by the two derivative effective action, 
incorrectly predicts that a shrinking instanton will collapse at a constant rate. Although 
the Dp+4 equations of motion admit the usual static instanton solutions, and the two 
derivative effective action on the instanton moduli space is the same as that of fiat space 
Yang-Mills theory, the equations describing a collapsing instanton differ from those of 
flat space Yang-Mills theory. Furthermore, these equations depend on parameters dual 
to Coulomb- branch moduli. 

For vanishing Coulomb-branch moduli, there arc decelerating solutions, much like 
those discussed in [6-8], for which deceleration follows from causality in the supergravity 
description. In this case it takes infinite time to reach the singularity at the origin of 
the Higgs branch. For certain non-vanishing Coulomb moduli there is also a deceleration 
mechanism. However, once the Higgs VEV becomes small compared to the Coulomb 
branch moduli, deceleration takes a different form which follows from particle production 
rather than a causal speed limit in the dual description. In this case deceleration is 
not strong enough to prevent reaching the small instanton singularity in a finite time. 
The rate of instanton collapse vanishes at the time of collapse and the kinetic energy of 
the collapse gets converted into the energy of modes transverse to the instanton moduli 
space, which are dual to states which become light at the origin of the Higgs branch. It 
is conceivable that, in a cosmological setting, this could be interpreted as reheating. 

The organization of this article is as follows. In section 2, we review basic properties 
of the Higgs branch of eight supercharge theories arising from Dp-Dp+4 systems. In 
section 3, we discuss the supergravity description of a portion of the mixed Coulomb- 
Higgs branch. In section 4 we show that this description produces the correct metric on 
Higgs component of the moduli space. In section 5, we use the supergravity description 
to study time dependent solutions, going beyond the geodesic approximation. In section 
6, we conclude and discuss open problems. 

2 The Higgs branch of Dp — Dp+4 systems 

We wish to study eight-supercharge Yang-Mills theories in p-|-l dimensions corresponding 
to Dp-Dp+4 systems. For p < 3 we will consider N Dp-branes and Nj Dp+4-branes, 
such that the p + 1 dimensional theory has U {N) gauge symmetry and contains, besides 
the vector-multiplet, one adjoint hypermultiplet and Nf fundamental hypermultiplets. 
The fundamental hypermultiplets arise from strings stretched between the Dp-branes 
and Dp-|-4-branes. Specifically, we take the Dp-|-4-branes to extend in directions 
and the Dp-branes to extend in directions a;""'^. For p — 3, the gauge theory arising 
from the D3-D7 configuration has a Landau pole, rcfiecting an un-cancelled tadpole in 
the string theory background. This pathology seems to avoided in the strict N = oo 
limit at finite Nf, in which the beta function for the 't Hooft couphng vanishes and the 
back-reacted geometry involves a D7-brane wrapping a contmctible such that there 
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is no net D7-charge [16]. Alternatively one can consider the case in which there are 4 
D7-branes coincident with an 07-plane, such that one has a consistent tadpole free string 
background. This yields a conformal gauge theory even at finite (see [10, 11]) with 
Sp(N) gauge symmetry and S0(8) fiavour symmetry, one hypermultiplet in the anti- 
symmetric representation and four hypermultiplets in the fundamental representation. 

For definiteness, we will focus on the U(N) theories. The analysis can be generalized 
to other cases. The superpotential is 



(2.1) 



where Qi and Qi comprise fundamental hypermultiplets labeled by the fiavor index i, Y 
and Z belong to an adjoint hypermultiplet, and X belongs to the vector multiplet. There 
must be at least two fiavors for a Higgs branch to exist. We will use lowercase letters 
to denote the bottom components of chiral superfields. On the Higgs branch, the vector 
multiplet moduli x vanish while and have non-zero expectation values. There are 
also mixed Coulomb- Higgs vacua, for which qi^qi and x all have non-zero expectation 
values. 

In the string theory realization of the theories which we consider, the Dp+4-branes will 
always be taken to be coincident, while the Dp-branes (before taking a near horizon limit) 



may be at various locations in the transverse directions x 



P+5 . . . 



which correspond to 



various Coulomb-branch moduli. Mixed Coulomb-Higgs vacua exist whenever some of the 
Dp-branes are coincident with the Dp-|-4-branes. We will specifically consider the large X 
limit in which in a fixed number k of the Dp-branes are coincident with the Dp-|-4-branes 
while the remaining X — k Dp-branes are a distance Ma' from the Dp+4-branes. This 
corresponds to vacua with 
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(2.2) 
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for which the F-fiatness equations qiX = xqi = permit fundamental hypermultiplet 
expectation values in which only the last k entries of q and q are non-zero; 
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(2.3) 



There are additional F and D-fiatness constraints which we have not explicitly written. 

Nonzero entries in ()2.3|1 physically correspond to Dp-branes which are coincident with 
and dissolved within the Dp-|-4-branes. Dissolved Dp-branes can be viewed as instantons 
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in the p+5 dimensional world- volume theory on the Dp-|-4 branes [17], due to the Wess- 
Zumino coupling 



In fact, there is a well known exact map between the moduli space of Yang- Mills instan- 
tons and the Higgs branch of the p + 1 dimensional theory arising on the Dp - Dp+4 
intersection. The ADHM constraints from which instantons are constructed [12] are 
equivalent to the F and D flatness equations [13-15] of the p + 1 dimensional theory. 

The metric on the Higgs branch is known to be tree level exact. [5]. A brief summary 
of the argument behind this non-renormalization is as follows. The Kahler potential is 
a function K[hi,hi,(f),hl,hl,(f)^) of the hyper mult iplet moduli, collectively denoted by 
hi, hi, and the vector multiplet moduli (f). Lorentz invariance together with M = 2 
supersymmetry requires that K = KniK, h\) -\- Kv{4>, 4>^), such that the moduli space is 
locally a product of Higgs-branch and Coulomb-branch components. Finally, the gauge 
coupling can be viewed as a component of a background vector multiplet, on which Kh 
does not depend. 

For the theories associated with the Dp-Dp+4 system, the Hyperkahler metric on 
the Higgs branch is equivalent to that which descibes slowly varying "instantons" in 
eight dimensional super Yang- Mills theory [13-15]. These instantons correspond to field 
strengths which are self-dual with respect to the fiat metric in the directions x^'^'^'^. The 
effective action for slowly varying instantons takes the form. 



where are the instanton moduli, which are allowed to depend on the coordinates 
^0,1,2,3^ and Gij is the metric on the moduli space. 

3 Supergravity description of the Higgs branch 

For — > oo with Nf fixed and 't Hooft coupling A = g'^N >> 1, the super Yang- Mills 
theory associated with the Dp-Dp-|-4 system is dual to supergravity in the near horizon 
geometry of the N Dp-branes, with the Dp-|-4 branes treated as probes. The near horizon 
geometry of the Dp-branes is 




(2.4) 




(2.5) 



9-p 



a=l 



(3.1) 



where /x = ■ ■ - p, tj^i, is the p + 1 dimensional minkowski metric, and 




9-p 



a=l 



(3.2) 



6 



This supergravity background is reliable (see [18]) in the region 

\n^) « r«\^. (3.3) 



The Dp+4 probes which gives rise to hypermultiplets with mass M are localized in 
the geometry 1)3.11] at 

y" = for 5 < a < 8 - p, 

y^-P = M . (3.4) 

There must be at least two Dp+4 branes, corresponding to a minimum of two flavors, for 
a Higgs branch to exist. The number of Dp+4-branes must be held fixed in the large 
limit to avoid consideration of the back reaction. The induced metric on the Dp+4-branes 
is 

ds^ = a' [H-^/\r)r]^^dx^dx'' + H^/\r)dy'^dy'^] , (3.5) 

with m = 1 ■ ■ ■ 4 and = y™?/™- + M^. For p = 3 this geometry is AdS^ x ii M = 0, or 
asymptotically AdS^ x when M 7^ 0. The stability of such embeddings was discussed 
in [16], where it was shown that the Breitenlohner-Freedman bound is satisfied (saturated 
in fact), while the supersymmetry of the embedding was explicitly shown in [19]. For 
p < 3, we expect that the embedding ()3.4)1 remains supersymmetric although, to our 
knowledge, this has not been explicitly demonstrated. 

The geometry associated with the mixed Coulomb-Higgs branch vacua ()2.2|) . ()2.3|) is 
also ()3.1)1 with the embedding ()3.4|1 . provided that the number, k, of vanishing diagonal 
entries in ()2.2j) is fixed in the large limit. This corresponds to a configuration of k 
Dp-branes coincident with Dp+4-branes, in the near horizon geometry ()3.H) arising from 
N — k Dp-branes at a non-zero distance from the Dp+4-branes. ()3.4|) . At generic points 
in the Higgs-branch component of the moduli space, the k Dp-branes are dissolved in 
the Dp+4-branes. The effective action of the Dp + 4 branes is a p + 5-dimensional non- 
Abelian Dirac-Born-Infeld theory in a curved space. Nevertheless, the correspondence 
between instantons and the Higgs branch leads one to expect that conventional Yang- 
Mills instantons should also solve the Dp+4 equations of motion. 

The Dp+4 brane action takes the form 



' ^ \A{47r^a'RN) 



J J2 c^''^ 



1/2 



- J d^+'^ V^e-(*-<^-)(27ra')'^tr {FabF''^) + ■ ■ ■ , (3.6) 

where we have not written terms involving fermions and scalars. The action ()3.6j) is the 
sum of a Wess-Zumino term^, a Yang-Mills term, and an infinite number of corrections 

^The "A-roof genus" A appearing in the Wess-Zumino term (see [20]) has an expansion in terms of 
even powers of Rt and Rn , which are pull-backs of the Reimann curvature two- form to the tangent and 
normal bundle respectively. 
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at higher orders in a', indicated by ■ ■ ■ in (jH.fjj) . Even in flat space, httle is known about 
these corrections in the non-Abehan case, with the exception of a few of the leading 
order terms. Even less is known about higher dimension non-minimal couplings of D- 
brane gauge fields to bulk fields such as the curvature, Ramond-Ramond field strengths, 
and derivatives of the dilaton. 

Let us now consider turning on gauge fields Am{y^), where the indices m,n = 1 ■ ■ ■ 4 
are associated with the coordinates y"^ appearing in the induced metric on the 

Dp+4-brane. At leading order in the a' expansion, field strengths Fmn which are self- 
dual with respect to the flat four dimensional metric cis^ = dy'^dy^ solve the equations 
of motion due to a conspiracy between the Wess-Zumino and Yang- Mills term. Inserting 
the explicit form of the induced metric, Ramond-Ramond potential, and dilaton into the 
leading terms of the Dp+4 action gives. 



A^ 



j (F+^xd^yH{r)-hiFj , (3.7) 



2(27r)6A 

where = YL=i iv'f + F_ = i(F^„, - ie^„,,F,,). We have written the Dp-f4- 
brane tension explicitly in terms of a' and parameters of the dual p + 1 dimensional gauge 
theory: 

_ 1 _ A^ 

" ^?,(27r)f+%'(^'+5)/2 " (27r)6a'4A ' ^^'^^ 

where A = gyM^ Hooft coupling. Field strengths for which F_ = are self-dual 

with respect to the fiat metric dy^dy^ and manifestly solve the equations of motion. 

The self dual field strengths correspond to points on the Higgs component of the 
moduli pace, while the parameter M is a Coulomb-branch modulus. Note that the 
same self-dual solutions exist even if one does not take the near horizon limit, such that 
H{r) = a'^ + dpX/r'^~^. The usual fiat space instantons continue smoothly into the 
near horizon region. Thus we expect that the the map between instanton moduli in the 
supergravity description and points on the Higgs component of the moduli space is the 
usual one. Strictly speaking, we can only describe a portion of the Higgs branch in this 
way, since the number of dissolved D3-branes is held fixed in the large A^ limit to avoid 
having to consider back reaction. 

The exact correspondence between the Higgs branch and Yang-Mills instantons leads 
one to expect that self-dual field strengths should remain solutions of the Dp+4-brane 
action to all order in the a' expansion. This implies constraints on various unknown 
terms of the non-abelian Dirac Born Infeld action in a curved background (see [4]). These 
constraints are somewhat beside the point of this paper, but are worth mentioning briefly. 
Among the constraints is one which applies to terms quadratic in the world-volume field 
strengths, of the general form /(i?, JF(p+^), Here f{R, (p) depends on the 

pull-backs of the bulk fields which are nonvanishing in the background 1)3.111 . as well as 
their derivatives. We have not written any explicit contractions of Lorentz indices, of 
which there are numerous possibilities. At order a', terms of the form R^F^ have been 
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discussed in [21,22]. Assuming F_ = connections solve the equations of motion, there 
are instanton solutions for which the field strength is locally arbitrarily small compared 
to the bulk fields, and one can expand in the field strength. At quadratic order in field 
strengths the CP odd Wess-Zumino term proportional to J H{r)~^F*F is exact and 
receives no corrections at any order in a'. In order to preserve the F~ = solutions, 
the quadratic CP even term must be of the form J H{r)~^F'^ with exactly the same 
coefficient. As discussed above, this is already the case at leading order in a' . Thus at 
every higher order in a', the terms of the form must sum to zero 

when the bulk fields are set to the background values ()3.1|) . These constraints are very 
similar to constraints on the non-Abelian Dirac-Born-Infeld action in flat space which 
have been found by requiring that stable-holomorphic bundles solve the equations of 
motion [23]. 

Assuming that terms of the form /(-R, jF(p+^), 0)-F^ collectively sum to zero, the action 
to order a'^ is given by 



F^^Fab + ( ^F^^F^^FcdF^^ (3.9) 



S =Tp+4 j AFAF 



T? T?BCt?DAt? 1 T? TpBAj? rpDC ^ r? j? t?BAt?DC 

+ — i'ABi^ -r rcD — -r^-t'AB-t' rcD-^ — —^AB^CD^ ^ 

iz 4o yb 

where the F'^ terms were computed in [24-27]. For the embedding ()3.4p in the background 
()3.1|) . with non-zero field strengths in the y"^ directions only, this action becomes 



TV f 

^ = 2(2^ J "^'"^"^'y [H-\r)F^^^F„ 



——H^'^(r) (2F^ F^ F~F~ + F^ F~F^ F~V\ f3 10") 

22 ' V mn mn rs rs ' mn rs mn rs / ] i \^--^^) 

where = y^y^ + M^, and we have written F^n in terms of self-dual and anti-self- 
dual components, F^^ = ^ [F^n ± ^^mnrsFrs) ■ Since all terms in ()3.10|) involve two 
factors of F~, field strengths for which F~ = are manifestly solutions. In light of the 
correspondence between instantons and the Higgs branch, this should hold for the full 
Dirac-Born-Infeld action. 



4 The metric on the Higgs Branch 

To two derivative order, the effective action on the Higgs branch of the eight supercharge 
p + 1 dimensional theory is tree level exact, and is known to be equivalent to the action 
describing the geodesic approximation [28] for slowly varying "instantons" in a p -|- 5 
dimensional Yang Mills theory. These instantons are localized in the directions y"^ ~ 
. . . and, in the static case, have no dependence on the coordinates ~ ■ ■ ■ x^. 
The associated gauge connections have the form Am = A]^^^{y"-, ^Ai), where A4i are the 
instanton moduli. There are slowly varying approximate solutions in which the moduli 
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Aii depend on the coordinates x^. The effective action governing these moduh has the 
form 



S = j dP^^xG,j{M)d^M'd''M^ (4.1) 

and is equivalent to the two-derivative effective action on Higgs the branch, where the 
A4i are interpreted as scalars parameterizing the Higgs-branch. 

In the dual description of the p + 1 dimensional theory given by the geometry ()3.H) 
with Dp+4-branes embedded according to ()3.4j) . one can compute the metric on the 
Higgs branch by finding the action for slowly varying instantons on the Dp+4-branes. 
In spite of the curved background and infinite number of higher dimension operators in 
the Dp-|-4-brane action, the result must be identical to that obtained from conventional 
Yang-Mills theory in p + 5 flat dimensions. 

The metric can be extracted from the equations which configurations of the form 

Am = , A, = n.d.M^ix'^) (4.2) 

must satisfy in order to solve the equations of motion at leading order in a 9^ expansion 
(see [15] for a review). For this purpose, the relevant terms in the Dirac Born Infeld 
action are those involving two Greek indices. To order a'^, which becomes 0{1/X) in the 
background we consider, the terms of this type arising from the action ()3.9|) are. 



N 

+ 



(27r)6A 

1 



F F F F + F F F F F F F F 

2 \^ f^n-'- nr-'- sfj.-'- rs ~ -'■ /xn-' rs-'- sfj.-'- nr n/j-' sr 



+ ■••. (4.3) 



Note that the term quadratic in F is just that of Yang-Mills theory in p+5 fiat dimensions; 
factors of the harmonic function H{r) appearing in the metric ()3.1|) cancel in this term. 
This is the leading term in a large A expansion. Since ~ r''~P/A, the F^ terms in 
()4.3|) are subleading. However, the leading term should be the only term contributing to 
the metric on the Higgs branch, since fiat space Yang-Mills gives the exact metric. 

To see that the subleading term does not contribute, it is useful to rewrite it in terms 
of the self-dual and anti-self-dual parts of Fmm giving 

^-(^/^-^e^tr(F,.F,J 

j d^+^e H{r)-' ^tr [F,,F,^ , F"} + {F" , + 



+ 



(27r)6A 

-(F F+ F F~ + F F~ F F^ + F F^F F~ + F F~F F~^)] (4 4) 

2 V fJ-n-'- nr-'- s/i-'- rs ' t^nJ- nr-'- s^J- rs ' -' M""' rs-' sfi-' nr ' -' fJ-n-' rs-' s/i-'- nr ) \ V^-^J 

Hence, the subleading terms vanish when F_ = 0. The calculation of the metric goes 
through as it does in fiat space Yang-Mills. For the configuration ()4.2j) . the equations of 
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motion -A-S = become 



d^M. (^m^ - DmDr^n^ = , (4.5) 

which has a solution for Qi as a function of y"^ and Aii. Taking this fli and inserting 
()4.2|1 into the action ()4.4j) gives the metric on the Higgs branch; 

d,M%M^G,,iM) = [ -MF^^F^m) . (4.6) 



(27r)6A J ^ 4 

Note that the metric is insensitive to the embedding parameter M which enters the action 
through the harmonic function H{r) with = y^y"^ + M^. This parameter corresponds 
to an expectation value for a vector multiplet scalar. Insensitivity to M reflects the fact 
that the moduli space factorizes locally into Higgs and Coulomb branch components [5]. 

In fact, all higher order contributions in the strong coupling expansion of the metric 
must vanish, since the flat space Yang-Mills result for the metric is exact. Note that we 
have obtained the correct metric at next to leading order without considering possible 
non-minimal couplings of D-brane fields to bulk fields. The absence of a contribution 
to the metric from these couplings yields another constraint on unknown bulk to brane 
couphngs. 



5 Time dependent solutions: beyond the geodesic 
approximation 

We have argued that the AdS description of mixed Coulomb-Higgs vacua gives the correct 
two- derivative effective action on the Higgs component, corresponding to the geodesic 
motion of instantons in a fiat space Yang-Mills theory. This result is insensitive to the 
expectation values of vector multiplet scalars, reflecting the local factorization of moduli 
space into Higgs and Coulomb parts. Nevertheless, we will see that the dynamics of a time 
dependent Higgs field rolling towards a singular point the moduli space is not necessarily 
described by the geodesic approximation, nor is it independent of the Coulomb branch 
expectation values. 

At strong coupling, one particular approach to a singularity of the Higgs branch can 
be studied by considering the equations of motion of a collapsing instanton on the Dp+4 
branes embedded in the geometry ()3.1|) according to ()3.4|) . In principle, the AdS descrip- 
tion allows one to compute the low energy effective action on the Higgs branch at strong 
't Hooft coupling, including higher derivative terms, by integrating out modes transverse 
to the instanton moduli space. We leave this computation for the future. Instead, we 
will look for qualitative properties of approach to the singularity by examining solutions 
of the Dp-|-4-brane equations of motion, without integrating out modes transverse to the 
instanton moduli space. Note that it does not make sense to integrate out these modes if 
there is production of particles (W-bosons and their superpartners) which become light 
as a Higgs scalar approach the singularity, in which case the effective action on the Higgs 
branch is not a good description. We will see that this circumstance arises when the 
Coulomb branch modulus M is non-zero. 



11 



Exact collapsing instanton solutions are not self-dual and are therefore not described 
by the ADHM construction. Without integrating out modes transverse to the instanton 
moduli space, it is not obvious how to map points on the Higgs branch, unless one 
works in an approximation in which the deviation from self-duality is small. For non- 
zero values of the Coulomb branch modulus M and sufficiently small instanton size, 
we will be able to borrow results obtained in [29], in which such an approximation was 
used to describe collapsing instantons of Yang- Mills theory in five-dimensional Minkowski 
space-time. For vanishing Coulomb-branch moduli, we will find approximate collapsing 
instanton solutions which are rather far from self-duality. In this case we will only be 
able to make qualitative statements about the behavior of the Higgs expectation value. 



5.1 Causality in AdS 

As discussed in [6-8], the dynamics of Coulomb-branch moduli in large N, strongly cou- 
pled, J\f = 4 super Yang-Mills theory is constrained by causality in the dual AdS de- 
scription. In particular there is an upper bound on the velocity with which moduli can 
roll towards a singularity, which decreases with proximity to the singularity. One might 
expect similar constraints to hold for the Higgs branch (or mixed Coulomb-Higgs branch) 
of the eight supercharge theories we have been considering. In this setting, the relevant 
part of the induced metric on the Dp-|-4-branes is 



a 



4 



(5.1) 



with = y"^y"^ -\- M^. For M = 0, the point = corresponds to the horizon r = 0. 
Causality implies that it takes a pointlikc object infinite coordinate time t (corresponding 
to time in the dual p + 1 dimensional gauge theory) to reach y"^ — 0. For M ^ 0, the 
point y"* = is not at the horizon and causality does not prevent pointlike objects from 
reaching this point in finite time. Although an instanton is not a pointlike object, it 
seems a natural supposition that the size of an instanton centered at the origin is also 
subject to causality constraints. For M = 0, one would expect that it takes infinite time 
t for an instanton to collapse, since the zero size instanton is localized at the horizon. We 
will see this expectation born out by some approximate collapsing instanton solutions. 
This behavior is very different from what is predicted by the geodesic approximation 
(two-derivative effective action) which gives collapse at a constant rate: p = where p is 
the instanton size. 

For M 7^ 0, causahty can not rule out collapse in finite time. Nevertheless, we will 
still find a deceleration mechanism which violates the geodesic approximation. This 
deceleration is unrelated to causality in the dual supcrgravity description, and is not 
strong enough to prevent collapse in a finite time. However the rate of collapse does 
vanish in the zero size limit. 



12 



5.2 Collapsing instantons 

The action for the Dp+4 brane with the embedding ()3.4|) is 

+ ■■■, (5.2) 

where Greek indices indicate the coordinates x^'"^ and Roman indices indicate the co- 
ordinates y^'"^. The higher dimension terms indicated by ■ ■ ■ involve arbitrarily high 
powers of H{r) or H{r)~^, depending on the numbers of Greek or Roman indices. Since 
H{r) = A/r''"^, a strong coupling expansion becomes manifest only after the rescaling 
— i> -\/Ax^, Af^ Ai^JX. After this rescaling, the supergravity metric has an overall ^/X 
in front, and ()5.2j) becomes 

~ (27r)^A^ J \2d '"'^ '"^ ' ^ "/^ ' ' j 

+ (^(^), (5.3) 

where = y^y^ + M^. We will only consider the leading term in the strong coupling 
expansion. 

Since we focus on the quadratic part of the action, the reader might incorrectly suspect 
that what we are doing is very different from that of [6-8], where behavior outside the 
geodesic approximation followed from considering the full Dirac-Born-Infeld action. In 
strongly coupled large N JV = 4 super Yang-Mills theory, the dynamics of a particular 
Coulomb-branch modulus rolling towards a singularity of the moduli space is described 
by the effective action of a probe D3-brane in AdS, 



S= / AX^h/l-^-l| , (5.4) 

with the singularity lying at X = 0. The geodesic approximation is ~ J X^, which 
is blind to the causal constraint -\/AX < X^ arising from an infinite number of higher 
derivative corrections. It must be remembered that in the case of the Higgs branch, we 
have not yet integrated out modes which are transverse to the moduli space, after which 
one would also obtain an action with an infinite number of higher derivatives. Further- 
more the action ()5.4j) also gives a leading contribution in a strong coupling expansion 
(seen more clearly after rescaling x^ —>■ \/~\x^). 

To focus on time dependent solutions of ()5.3j) with no dependence on x^'"^, it is 
sufficient to consider the five dimensional action 



S = dt d'^y tr 



FomFom - ^(rt" + M^f-'^/'F-^F-^ 



(5.5) 



This action has the usual static instanton solutions. The SU(2) single instanton solutions 
are 

^''m^y) = Y^^'X'P, (5.6) 
[y - yy + 
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where m = 1,2, 3, 4, a is a Lie algebra index, and rj'^^ is the 't Hooft tensor; 

= -Vnm^ Vtj = ^aij, Vti = ^ia withi = 1, 2, 3 (5.7) 

We will study time-dependant solutions with which preserve the symmetries of the single 
SU (2) instanton centered at the origin and have instanton number one. Unlike the flat 
space Yang-Mills theory, the origin is a special point due to the curved geometry of the 
Dp+4-brane embedding. Note that this fact is not visible in the metric on the instanton 
moduli space. We make the time dependant ansatz 

^0 = 0, (5.8) 

where v'^ = y"^y^. The Gauss law constraint, = is satisfied by this ansatz. The 
remaining equations of motion give^; 

(^-d^ + r^-Pdl + (r^-P + (7 - p)v\^~P) ^d^^ f 

+ ^(-4/ + 6f - 2f) + r'>-P{f - 2/) = , (5.9) 

V 

with r"^ = v'^ + M^. We have rescaled coordinates to remove numerical factors of dp. 

5.3 Rolling Higgs at the origin of the Coulomb branch 

Let us now examine solutions of ()5.9|) in the special case = corresponding to the 
origin of the Coulomb branch. For = 0, ()5.9j) becomes 

(^-d1 + v'-^dl + (8 - p)v'-^^d}j f + v'-^Q{f) = , 

with Q(/) = -18/ + 13 f - 2f + p{2f - f) (5.10) 
The usual static instanton solution is. 



f = ^r—2^ (5-11) 



which interpolates between the zeros / = and / = 2 of Q{f)- As long as a configuration 
f{r,t) interpolates between these points at any fixed value of t, the instanton number 
/ -F A -F is equal to one. It is not difficult to see that exact time dependent solutions 
can not be self-dual. Thus there is no exact solution of the form / = 2r^/ (r^ + p(t)^), al- 
though this may be taken as the leading term in an expansion valid for sufficiently slowly 
varying instanton size. While this form is suitable for determining the two derivative 
effective action, studying the corrections to the geodesic approximation requires consid- 
ering configurations which are not self-dual. 

^Some useful identities involving the 't Hooft tensor are written in the appendix. 
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The map between the time dependent instanton solution and points on the Higgs 
branch is less clear than in the static case because the solutions are not described by 
the ADHM construction. One way to define the instanton size p{t) is by the moment^ 

~ / r'^F A F. Alternatively one can define p{t) as the value of r for which 
f{r,t) = 1. We do not expect either of these definitions to map to points on the Higgs 
branch in the same way as the instanton size in the static case. However we will only 
be interested in qualitative behavior for which either definition can be taken as a crude 
measure of the dual Higgs VEV. Yet another possibility, which is more natural from the 
point of view of the usual AdS / CFT dictionary, is to define p by the large r asymptotics. 
In the static case, the leading large r behavior of the field strength is ~ Ap'^rj'^^/r^ . 
However this definition will not prove useful for the approximate solution below, which 
is only valid at small r. 

It is convenient to define z = -^r'^P~^)/'^ such that becomes 

Equation ()5.12|) has approximate collapsing instanton solutions; 

(5.13) 

where f{z) interpolates between / = and / = 2 in a region of sufficiently large z 
(small r) such that Q{f)/z'^ « d^f and dzf /z « d^f. This approximation is a good 
description of the instanton collapse as t increases, but is not valid for sufficiently early 
times (negative t), since the conditions Q{f)/ z"^ « dif and d^f / z « dlf are violated. 
In terms of the coordinate z, the point at which / = 1 propagates with velocity i = 1. 
Thus it takes infinite time t for the instanton to collapse, which occurs when z\f=i = oo. 
This solution corresponds to a spherical shell of topological charge moving at the speed 
of light. Restricting to fixed points y"^/\y\ on the sphere, the metric 1)5.11) is (for M = 0) 
conformally equivalent to dt"^ — dz^ . 

The motion i = 1 of the collapsing instanton suggests a rolling Higgs 

{qq) ^ with r = r^'^'P^/^ . (5.14) 

Just as in [6-8], causality in the supergravity dual implies a deceleration mechanism. 
The VEV takes infinite time to roll to the singularity at the origin of the Higgs branch, 
provided that the Coulomb branch modulus M vanishes. We emphasize that we can not 
be completely confident in the relation ()5.14j) . because our solution is rather far from 
self dual. One way to verify this sort of behavior would be to computate the higher 
derivative terms in the effective action on the moduli space by integrating out the non 
self-dual modes in the Dirac-Born-Infeld action. This would give a more precise result, 
since one could accurately identify dual points on the Higgs branch. 

By introducing a potential and coupling to (four dimensional) gravity, it may be 
possible to obtain infiating cosmologies similar to those discussed in [7, 8] , except that 
the infiaton is a Higgs branch scalar rather than Coulomb branch scalar. The slow roll 
conditions would then be satisfied by virtue of of the same sort of deceleration mechanism, 
which follows from causality in the dual description. 

■^This is equal to the hyperkahler potential which, for a single static instanton localized at the origin, 
is proportional to the square of the instanton size 
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5.4 Rolling Higgs fields for non-zero Coulomb branch VEVs 

Let us now consider the case in which the Coulomb-branch modulus M is non-vanishing. 
Despite the insensitivity of the Higgs branch metric to vector multiplet moduli, motion 
towards a singularity in the Higgs component of the moduli space depends on M. 

For instanton sizes large compared to M, the time evolution should be approximately 
the same as for M = 0. However, for sufficiently small instantons, with support in the 
region y^y^ << M^, the relevant part of the Dp+4 geometry is almost flat and the 
action ()5.5|) becomes; 



S ^ / dt(fyti 



1 

J- Om-f Om 2^ mn-^ mn 



(5.15) 



After a rescaling of coordinates to remove the factor M'^~P/dp the equations of motion 
are the same as those of Yang-Mills theory in flat five- dimensional space'*. There is no 
longer a causal argument to prohibit the instanton from collapsing in a finite time; a zero 
size instanton is far from the horizon, since y"^y"^ = corresponds to = M^. 

After rescaling to remove the factor of M'^~P/dp in ()5.15|) . the equations of motion for 
the ansatz ()5.8|) . are 

-d^ + dl + \) f + ^(-4/ + 6f - 2f) = . (5.16) 

These equations have been studied in [29] using a perturbative expansion appropriate for 
solutions sufficiently close to the static instanton solution; 

/(r,t) = ^;^^^ + 6(r,t). (5.17) 

where e is orthogonal (with respect to a certain inner product) to the zero mode 
dp ^ ^2^pft-)2 j and has an expansion in time derivatives of p. For collapsing initial condi- 
tions, the authors of [29] found that the instanton collapses in finite time: 

p(t) = - ~^ = (5.18) 

where t* is the time of collapse. 

Although the instanton collapses in finite time, the rate of collapse p vanishes at 
t = t*. Energy conservation then requires that the kinetic energy associated with the 
time dependence of the instanton size must be converted into energy of modes transverse 
to the moduli space, i.e. modes contained in e(r, t). In the dual gauge theory, the 
kinetic energy of the rolling Higgs field is converted entirely into the energy of particles 
which become light and are radiated during the approach to the Higgs branch singularity. 
Assuming that infiating cosmologies like those of [7, 8] can be realized during the part 
of collapse for which the Higgs VEV (instanton size) is large compared to M, then the 
part of the collapse for which the Higgs VEV is small compared to M seems a natural 
candidate for reheating. We leave the problem of constructing explicit cosmologies based 
on strongly coupled Higgs branch dynamics for elsewhere. 

"^The F*F term now has constant coefficient and therefore does not effect the equations of motion. 
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6 Conclusions and Open Questions 



We have described properties of the supergravity background dual to parts of the mixed 
Coulomb- Higgs branch of eight supercharge Yang-Mills theories with fundamental rep- 
resentations. One outcome of this work is a new set of constraints on unknown terms 
in the non-Abelian Dirac-Born-Infeld action in a curved background, which follow from 
the one to one correspondence between instantons and the Higgs branch, together with 
the non-renormalization of the metric on the Higgs branch. These constraints can be 
used to check future calculations of higher dimension operators in the Dirac-Born-Infeld 
action or, perhaps, to actually determine these terms. The latter possibility will require 
additional information, such as supersymmetry, since the number of constraints arising 
from the Higgs branch-Instanton correspondence is fewer than the number of unknown 
terms. 

Without knowing the higher dimension operators in the Dirac-Born-Infeld action, one 
can still study the low energy dynamics of the Higgs branch at leading order in a large 
't Hooft coupling expansion. Using the supergravity description of the Higgs branch, 
we have shown that the geodesic, or "moduli space," approximation is not suitable to 
describe the dynamics of a Higgs expectation value rolling towards a singularity in the 
moduli space. In violation of predictions of the geodesic approximation, this process is 
sensitive to the Coulomb-branch moduli and exhibits deceleration. 

We have demonstrated qualitative properties of motion on the Higgs branch by study- 
ing time dependent solutions of the Dirac-Born-Infeld equations of motion with instanton 
number one. For vanishing Coulomb-branch moduli, our analysis was imprecise, since 
the time dependent solutions we discussed were far from self dual. Such solutions are not 
classified by the ADHM construction and do not map in any obvious way to points on 
the Higgs branch. A more precise analysis would require integrating out modes in the 
Dirac-Born-Infeld action which are transverse to the instanton moduli space, in order to 
obtain the higher derivative effective action on the Higgs branch. At leading order in the 
large N expansion, this amounts to summing tree level graphs. 

Although the theories we have considered are in a Higgs phase, computing the effective 
action on the Higgs branch might also be an enlightening warmup for computing higher 
derivative terms of the chiral Lagrangian in a yet to be constructed string dual of QCD. 
Like QCD in the chiral limit, the theories we consider have a non-trivial moduli space. At 
present, supergravity backgrounds of "QCD-like" theories which have a massless meson 
akin to the 77' at — > oo have been found [30]- [35], although a holographically dual 
description of a theory with a spontaneously broken non-Abelian chiral flavor symmetry 
remains elusive. 

The deceleration mechanisms we have found are potentially interesting from a cos- 
mological point of view since, as pointed out in the context of Coulomb-branch dynam- 
ics [7,8], deceleration can give slow roll inflation even when a steep potential is introduced. 
It would be interesting to see what sort of cosmological models arise from roUing Higgs 
moduli at strong coupling and large N. The results described here are a preliminary step 
in investigating this question. For this purpose, it would also be Tiseful to know the higher 
derivative effective action on the Higgs branch. It is important to bear in mind that the 
effective action on the Higgs branch is not reliable in situations in which there is produc- 
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tion of W-bosons or their superpartners which become hght near the origin of the Higgs 
branch. We have argued that this does in fact occur for certain fixed Coulomb-branch 
moduh as one rolls to the origin of the Higgs branch. Determining the details of the 
particle production would require further analysis of the collapse discussed in [29]. More 
generally, a better understanding of particle production in time dependent processes for 
which field strengths on the Dp-|-4-brane are not self-dual is desirable. 

In the above discussion, we have always taken the number of Dp-|-4-branes and dis- 
solved Dp-branes to be fixed in the N ^ oo limit, so that their backreaction can be 
neglected. The number of dissolved D3-branes has also been kept fixed in this limit, for 
the same reason. It would be interesting to relax this constraint. The ADHM constraints 
should also classify the supergravity solutions associated with the Higgs branch of the 
Dp-Dp-|-4 system in which all branes have been replaced with geometry. At present the 
fully localized supergravity solutions associated with the D2-D6 [36, 37] and D3-D7 [38] 
system have been studied, although not on the Higgs branch. 
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8 Appendix: a few useful relations for 't Hooft ten- 
sors 

The 't Hooft tensor is defined by 




= e, 




(8.1) 



where 



m, n 



1---4, 



hJ = 1---3, 



a = 1 ■ • ■ 3 . 



(8.2) 



It satisfies 



'mn 



1 



'rs 



a 



(8.3) 




(8.4) 
(8.5) 
(8.6) 
(8.7) 
(8.8) 
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